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I. INTRODUCTION
The discovery of topological insulators has initialized a new era of condensed matter physics [1] [2] [3] [4] [5] [6] [7] . However, on one hand, the surface quantum states are experimentally observed in two-dimensional curved or flat topological insulators in which no curvature-induced quantum potential is included. On the other hand, it seems well established that, once a particle is constrained to remain on a curved surface, there may be such a potential, conveniently called as the geometric potential [8] [9] [10] [11] [12] . Explicitly, for a non-relativistic particle on the curved surface, the geometric potentials have been theoretically and experimentally explored [8] [9] [10] [11] [12] . By the surface quantum states of the topological insulators, we mean the two-dimensional states for relativistic spin 1/2 particles, usually with zero mass, Dirac fermions as called. So, we have a general observation that there may be no existence of the geometric potential for a Dirac fermion on twodimensional curved surfaces. The present paper deals with this problem. For two-dimensional surfaces of revolution, such as sphere [6] , Beltrami pseudosphere [7] , cylinder [13] , helicoid [14] , etc. [15] Dirac quantization scheme offers a clear theoretical framework to demonstrate why no geometric potential for the Dirac fermions is allowable.
For a particle that is constrained to remain on an (N − 1)-dimensional curved surface Σ N −1 in the flat space R N (N = 2, 3, 4, ...), whether momenta and kinetic operators must be extended to include the contribution of curvatures in accordance with the principles of quantum mechanics had once been a sharply controversial issue. For instance, Ikegami, Nagaoka, Takagi, and Tanzawa in 1992 showed that a quantum potential must certainly be arisen [16] , but Kleinert and Shabanov in 1997 demonstrated that no additional potential is permissible from the so-called proper Dirac quantization of a free particle on an (N − 1)-dimensional sphere S N −1 in R N [17] . Since 2000, the disputes over whether such a geometric potential exists for the non-relativistic motion on curved hypersurface have gradually diminished. Especially, during 2010 to 2015, the physical consequences resulting from extrinsic-curvature-dependent geometric potential [8] [9] [10] and geometric momentum [18] [19] [20] [21] [22] [23] [24] [25] [26] are experimentally confirmed [11, 12, 28] . However, for the constrained particle that moves relativistically, whether there is curvature-induced quantum potential remains an open problem. [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] There is a mini-review on this subject available in a recent paper [26] .
Our principle to explore this problem is simple if not the simplest: All symmetries expressed by the Poisson or Dirac brackets in classical mechanics preserve in quantum mechanics; and so the Hamiltonian itself is also determined by the symmetries. [19, 26] This is an enlargement of the Dirac quantization scheme. For a particle that moves in flat space R N , Dirac quantization scheme is given in the following. Fundamental quantum conditions (FQCs) [x i , x j ] = 0, [x i , p j ] = i δ ij , and [p i , p j ] = 0 suffice, which are defined by the commutation relations between positions x i and momenta p i (i, j, k, l = 1, 2, 3, ..., N ) where N denotes the number of dimensions of the flat space in which the particle moves [39] . In position representation, the momentum operator takes simple form as p = −iℏ∇ where ∇ ≡ e i ∂/∂x i is the ordinary gradient operator, and N mutually orthogonal unit vectors e i span the N dimensional Euclidean space R N . Hereafter the Einstein summation convention over repeated indices is used. When the particle is constrained to remain on a hypersurface Σ N −1 embedded in R N , the FQCs become [40] ,
where O Hermitian stands for a Hermitian operator of an observable O, and the equation of surface f (x) = 0 can be so chosen that |∇f (x)| = 1 so n ≡∇f (x) = e i n i being the normal at a local point on the surface. FQCs (1) can by no mean give the unique form of the momentum operators, and thus the construction of the unambiguous form of the Hamiltonian operator is certainly more difficult within the FQCs. In other words, FQCs are not enough to yield the unambiguous form of the Hamiltonian operator. It is then reasonable to introduce more quantum conditions that together with the FQCs must be treated as first principles. Remember that the classical brackets between (x, H) and (p, H) can also be understood as requirement upon the form of Hamiltonian. In quantum mechanics, this point becomes transparent and the curvature-induced geometric potential is determined, as demonstrated recently for the constrained motion is non-relativistically [25] .
Once the motion is relativistically, we have following Dirac brackets containing classical brackets between (x, H) and (p, H) in the following, [26, 27] , where [f, g] D denotes Dirac bracket for two classical quantities f and g. The meaning of n ∧ [p, H] D = 0 is simple: The free particle on the surface experiences no tangential force. While performing quantization, we have the so-called dynamical quantum conditions (DQCs) [26] accordingly,
This set of DQCs imposes restrictions on the form of the Hamiltonian operator. The FQCs and DQCs are the manifestation of our principle for the particle moves non-relativistically on the hypersurface. To note that the form of generally covariant momentum applicable to the spin particle is easily attainable with a simple inclusion of the spin-connection contribution into the geometric momentum that is originally applicable to the spinless particle [26] . The generally covariant geometric momentum is in general [26] 
where Ω µ = (−i/8) ω ab µ [γ a , γ b ] in which ω ab µ are the spin-connections [7, [41] [42] [43] and γ a (a, b = 0, 1, 2, ...N ) are Dirac spin matrices, and ∇ Σ ≡e i (δ ij − n i n j )∂ j = ∇ − n∂ n = x µ ∂ µ is the the gradient operator, and the mean curvature M ≡ −∇ Σ · n is defined by the sum of the all principal curvatures. Without the spin-connection term, p (3) reduces to be −i (∇ Σ + M n/2) [18-21, 25, 28, 44-46] . The rest problem is then to determine the general form of the quantum potential from DQCs (2) . Unfortunately it turns out to be a formidable task as for we meet with great computational difficulties. However, for a Dirac fermion on a curved surface of revolution Σ 2 in the flat space R 3 , the calculations are straightforward, and we can show that no quantum potential is admissible. In present paper, we report the relevant results.
This paper is organized as follows. In section II, we are going to show that how to apply both FQCs (1) and DQCs (2) for the Dirac fermion on a curved surface of revolution Σ 2 , resulting in no geometric potential. In Section III we conclude the present study.
II. A DIRAC FERMION ON A CURVED SURFACE OF REVOLUTION
The curved surface of revolution is with u ∈ R, v ∈ [0, 2π)
The metric tensor and the natural diagonal zweibein on a curved surface of revolution are
The nonzero components of spin connection are
The generally covariant derivatives are then
In final, the Hamiltonian operator H 0 without geometric potential is
In quantum mechanics, the correct form of the Hamiltonian is assumed to be H = H 0 + V G where V G will be discussed shortly.
The generally covariant geometric momenta (3) now give,
The spin-connections are equivalent to a gauge potential A whose components are explicitly,
It is compatible with previous results on relationship between spin-connections for fermions on curved surface and gauge fields [5] [6] [7] 41] .
Considering the orthogonality and completeness of the 2 * 2 matrices (I, σ x , σ y , σ z ), we can assume that the geometric potential V G takes the following most general form,
where (a 0 , a x , a y , a z ) are ansatz functions of u and v to be determined via requirements (2) . Three commutators [p i , H] and the results are, respectively,
During the calculations, we find that n ∧ [p, H 0 ] − [p, H 0 ] ∧ n = 0. It strongly implies that no geometric potential is compulsorily introduced. To see it, let us first compute the following commutation relations [p i , V G ], sin v
After simplification, we have,
The general solutions are (a 0 , a x , a y , a z ) = (c 1 , 0, 0, 
where ϕ is the azimuthal angle and θ the polar angle, and R and r are the outer and inner radii of the torus, respectively. Three equations for geometric potential V G are, respectively,
The orthogonality and completeness of the 2 * 2 matrices (I, σ x , σ y , σ z ) imply that there is no geometric potential, i.e., V G = 0. 
where a is the constant. Three equations for geometric potential V G are, respectively,
Again, there is no geometric potential, i.e., V G = 0. Example three: A ferimon on the symmetric ellipsoid. The symmetric ellipsoid is with two local coordinates θ ∈ (0, π) , ϕ ∈ (0, 2π), x = a sin θ cos ϕ; y = a sin θ sin ϕ; z = c cos θ, where a and c are constant. Three equations for geometric potential V g are, respectively,
We see V G = 0 as well.
III. DISCUSSIONS AND CONCLUSIONS
Surface quantum states exist in many systems. Surface plasmon polaritons and topological insulators are two typical ones. So, we must understand the behaviours of free particle constrained on an (N − 1)-dimensional curved surface Σ N −1 embedded in N -dimensional flat space R N . Once the (quasi-)particle moves non-relativistically, we have the geometric potential. Once it moves relativistically instead, there may be no such geometric potential. The present study explicitly shows that an enlargement of the Dirac quantization scheme can give definite results that for the relativistical spin 1/2 particles constrained on the two-dimensional curved surfaces of revolution, no geometric potential exists.
There are three problems that remain open. One is that usually we take it for granted that non-relativistic motion in flat space is the limit of the relativistic motion in it. Once the motion is constrained, the relation in between is not clear. The second is that in present paper we deal with spin 1/2 particle, what about an arbitrary boson or fermion under constrained and relativistic motion has been unknown yet. The third is: we are confident that Dirac quantization scheme is sufficient, but the number of quantum conditions must be finite. Though FQCs and DQCs are sufficient for non-relativistical particles in general and relativistical spin 1/2 particles for some types of surfaces as shown in present paper, we do not know whether they are sufficient for the relativistical particles constrained on Σ N −1 .
